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FOUR–DIMENSIONAL METRICS CONFORMAL TO KA¨HLER
MACIEJ DUNAJSKI AND PAUL TOD
Abstract. We derive some necessary conditions on a Riemannian metric (M, g) in four
dimensions for it to be locally conformal to Ka¨hler. If the conformal curvature is non anti–
self–dual, the self–dual Weyl spinor must be of algebraic type D and satisfy a simple first
order conformally invariant condition which is necessary and sufficient for the existence
of a Ka¨hler metric in the conformal class. In the anti–self–dual case we establish a one to
one correspondence between Ka¨hler metrics in the conformal class and non–zero parallel
sections of a certain connection on a natural rank ten vector bundle over M . We use this
characterisation to provide examples of ASD metrics which are not conformal to Ka¨hler.
We establish a link between the ‘conformal to Ka¨hler condition’ in dimension four and
the metrisability of projective structures in dimension two. A projective structure on a
surface U is metrisable if and only if the induced (2, 2) conformal structure on M = TU
admits a Ka¨hler metric or a para–Ka¨hler metric.
1. Introduction
A Ka¨hler structure on a 2n–dimensional real manifold M consists of a pair (g, J) where
g is a Riemannian metric and J : TM → TM is a complex structure such that, for any
vector fields X,Y ,
g(X,Y ) = g(JX, JY )
and the two–form Σ defined by
Σ(X,Y ) = g(X,JY )
is closed. Consider the following local problem
• Given a Riemannian metric g, is there a Ka¨hler metric in the conformal class
[g] = {cg|c :M → R+}
of g?
We expect the answer to depend only on the conformal class [g], thus the local obstructions
to the existence of a Ka¨hler metric in [g] should be given by conformally invariant tensors.
The general Riemannian metric in 2n dimensions depends on n(2n+1) arbitrary functions
of 2n variables. The diffeomorphism freedom can be used to reduce this number to 2n2−n
and finally the freedom of conformally rescaling the metric leaves one with 2n2 − n − 1
arbitrary functions. On the other hand the general Ka¨hler metric can be locally described
by the Ka¨hler potential: there exists a function K :M → R and a holomorphic coordinate
system (z1, . . . , zn) such that
g =
∂2K
∂zj∂zk
dzjdzk.
There is some freedom in the Ka¨hler potential K, but this freedom depends on functions
of n variables. Thus essentially the Ka¨hler metric depends on one arbitrary function of
2n variables. The difference between the number of arbitrary functions in the general
conformal class and the general Ka¨hler metric is
2n2 − n− 2
1
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which is positive if n > 1. This gives a lower bound for the number of conditions a
Riemannian metric needs to satisfy in order to be conformal to a Ka¨hler metric.
If n = 1 then the general Riemannian metric is conformally flat. In this case one does
not need conformal rescaling - any Riemannian metric on a surface is Ka¨hler as in two
dimension a conformal structure is equivalent to a complex structure. The first non–trivial
case is n = 2, where (M,g) is a real four–manifold. There the conformal to Ka¨hler condition
is overdetermined: the numerology tells us to expect at least four conditions on g.
In Section 2 we derive some necessary conditions on a Riemannian metric in four di-
mensions for it to be locally conformal to Ka¨hler. If the self–dual part of the conformal
curvature of g is non–zero then necessary and sufficient conditions are relatively easy to
find: The self–dual (SD) Weyl spinor must be of algebraic type D (i.e. it must have two
repeated roots when viewed as a symmetric homogeneous polynomial in two variables of
degree four), and a differential obstruction (given in Theorem 2.2) must vanish.
In the anti–self–dual (ASD) case, when the SD Weyl tensor vanishes, the analysis is more
complicated. We shall construct a natural connection D on a rank ten vector bundle
E = Λ2+(M)⊕ Λ1(M)⊕ Λ2−(M)
over M and show (Theorem 2.3) that there is a one-to-one correspondence between Ka¨hler
metrics in the conformal class and non–zero parallel sections of D. Readers familiar with
the tractor approach to conformal geometry [3] may want to note that the vector bundle
E can be thought of as the space of self–dual three-forms for the standard tractors T of
(M, [g]), but the induced tractor connection on (Λ3T )+ is different from D. These two
connections coincide only in the conformally-flat case.
In Section 3 we provide examples of metrics which are not conformal to Ka¨hler. In the
non-ASD case any metric not of type D gives such an example. In the ASD case we find
that an Einstein metric with non–zero cosmological constant can be conformal to Ka¨hler if
and only if it admits a Killing vector. We then argue, using the construction of LeBrun [11],
that ASD Einstein metrics with no symmetries exist. Another class of examples is provided
by a family of hyper–hermitian metrics (these are automatically ASD) which depends on a
(locally) harmonic function on the three–sphere [16, 6] . In Section 3.4 we shall show that
the harmonic function can be chosen so that no Ka¨hler metric exists in the conformal class.
In Section 4 we shall make a link between the ‘conformal to Ka¨hler condition’ in di-
mension four and the metrisability of projective structures in dimension two. A projective
structure on a manifold U is an equivalence class of torsion–free connections which share
the same unparametrised geodesics. In [5] necessary and sufficient conditions have been
determined in the case when dimU = 2 for the existence of a (pseudo) Riemannian metric
on U whose geodesics coincide with the geodesics of the given projective structure. If such
a metric exists, the projective structure is called metrisable. Any n–dimensional projec-
tive structure on U gives rise to a natural conformal structure of signature (n, n) on TU
[24, 26]. If n = 2 this conformal structure is necessarily ASD [15, 9] and we shall show
(Theorem 4.1) that the projective structure on a surface U is metrisable if and only if the
induced conformal structure on TU admits a Ka¨hler metric or a para–Ka¨hler metric. This
establishes a conjecture made in [5]. In Section 4.1 we shall characterise the resulting (2, 2)
ASD conformal structures as those which admit a reall parallel section of the unprimed
spin bundle.
All considerations in this paper are local. We shall end this introduction listing some
global obstructions1. If (M, [g]) is a compact ASD conformal Riemannian four-manifold
1We thank Claude LeBrun for bringing these obstructions to our attention.
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then the existence of a Ka¨hler metric in the conformal class [g] is equivalent to the following
pair of conditions:
• There is a metric in [g] with vanishing scalar curvature.
• The number b+(M) of positive eigenvalues of the intersection form is non-zero.
The second condition is purely topological, while the first condition is equivalent to vanish-
ing of the Yamabe constant of [g]. These conditions impose constraints on the diffeomor-
phism type of M . The only simply connected M that are allowed are K3 and CP2#kCP2,
k ≥ 10. See [12, 10, 21, 14] for details.
Acknowledgements. We are grateful to Mike Eastwood and Claude LeBrun for helpful
discussions. We also thank the anonymous referee for suggesting the example given in
Section 3.3 to us.
MD was partly supported by the MISGAM and ENIGMA programs of the European
Science Foundation.
1.1. Spinors in four dimensions. Given an oriented Riemannian four-manifold (M,g),
the Hodge operator ∗ : Λ2 → Λ2 satisfies ∗2 = Id and induces a decomposition
Λ2 = Λ2+ ⊕ Λ2− (1.1)
of 2-forms into self–dual and anti–self–dual components. The rank three vector bundles
Λ2± → M are the eigenspaces of ∗ with eigenvalues ±1 respectively. The Riemann tensor
has the index symmetry Rabcd = R[ab][cd] so can be thought of as a map R : Λ2 → Λ2. This
map decomposes under (1.1) as follows:
R =


C+ +
R
12 φ
φ C− +
R
12


. (1.2)
The C± terms are the self-dual and anti-self-dual parts of the Weyl tensor, the φ terms are
the trace-free Ricci curvature, and R is the scalar curvature which acts by scalar multipli-
cation. The Weyl tensor is conformally invariant, so can be thought of as being defined by
the conformal structure [g].
Locally there exist complex rank two vector bundles S,S′ (called spin-bundles) over M
equipped with parallel symplectic structures ε, ε′ such that
C⊗ TM ∼= S⊗ S′ (1.3)
is a canonical bundle isomorphism, and
g(v1 ⊗ w1, v2 ⊗w2) = ε(v1, v2)ε′(w1, w2)
for v1, v2 ∈ Γ(S) and w1, w2 ∈ Γ(S′). We use the standard convention [18] in which spinor
indices are capital letters, unprimed for sections of S and primed for sections of S′. For
example µA denotes a section of S
∗, the dual of S, and νA
′
a section of S′. The symplectic
structures εAB and εA′B′ (such that ε01 = ε0′1′ = 1) are used to raise and lower indices by
µA := µ
BεBA, µ
A = εABµB.
The decomposition (1.1) of two–forms takes a simple form in the spinor notation. If
Fab = F[ab] is a two–form then
FAA′BB′ = fABεA′B′ + f˜A′B′εAB , (1.4)
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where fAB and f˜A′B′ are symmetric in their indices. This is precisely the decomposition of
F into self-dual and anti-self dual parts. Thus
Λ2+
∼= S′∗ ⊙ S′∗, Λ2− ∼= S∗ ⊙ S∗.
In terms of the spinor notation the decomposition (1.2) of the Riemann tensor is
Rabcd = ψABCDεA′B′εC′D′ + ψA′B′C′D′εABεCD
+φABC′D′εA′B′εCD + φA′B′CDεABεC′D′
+
R
12
(εACεBDεA′C′εB′D′ − εADεBCεA′D′εB′C′), (1.5)
where ψABCD and ψA′B′C′D′ are ASD and SD Weyl spinors which are symmetric in their
indices and φA′B′CD = φ(A′B′)(CD) is the traceless Ricci spinor. A conformal structure is
called ASD iff ψA′B′C′D′ = 0.
2. Conformal-to-Ka¨hler conditions
Let (M,g) be a four manifold such that
gˆab = Ω
2gab (2.6)
is a Ka¨hler metric with a Ka¨hler form Σˆ. The two–form Σˆ on M induces a natural ori-
entation given by the volume form Σˆ ∧ Σˆ. With respect to this orientation Σˆ is self–dual.
Thus, in terms of 2-component spinors, the Ka¨hler form may be written as
Σˆab = ωˆA′B′ εˆAB,
so that
∇ˆAA′ωˆB′C′ = 0,
ωˆA′B′ ωˆ
A′B′ = 2.
Set
Υa = Ω
−1∇aΩ.
Under conformal rescaling we shall make the choice that ωˆA′B′ transforms as
ωˆA′B′ = Ω
2ωA′B′ , (2.7)
since then
∇ˆAA′ωˆB′C′ = Ω2 (∇AA′ωB′C′ −ΥB′AωA′C′ −ΥC′AωB′A′ + 2ΥAA′ωB′C′) = 0, (2.8)
so that
∇ˆA(A′ωˆB′C′) = Ω2∇A(A′ωB′C′).
We have therefore arrived at the following result of Pontecorvo [19].
Lemma 2.1. The metric gab is conformal to a Ka¨hler metric if and only if there exists a
real, symmetric spinor field ωA′B′ satisfying
∇A(A′ωB′C′) = 0, (2.9)
and such that ωA′B′ω
A′B′ 6= 0.
Proof. The condition (2.9) is equivalent to
∇AA′ωB′C′ = εA′B′KC′A + εA′C′KB′A. (2.10)
for some one–form Ka. Note that (2.10) follows from (2.8) with
KAA′ = −ω B′A′ ΥB′A, (2.11)
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and Ω can be found from
ωA′B′ω
A′B′ = 2Ω−2. (2.12)
Suppose instead we have a real solution of (2.9), so that also (2.10) holds for some KAA′ .
Define Ω by (2.12), then one may calculate that
ΥAA′ = Ω
2ω C
′
A′ KC′A, (2.13)
and then the right-hand-side of (2.8) is zero, so that gab is indeed conformal to Ka¨hler,
provided Ω has no zeroes. Thus the existence of a real solution of (2.9) is necessary and
sufficient for the metric to be conformal to Ka¨hler, in regions where Ω 6= 0.

We want to find conditions on curvature for a suitable solution of (2.10) to exist. We shall
use the procedure of prolongation to introduce new variables, and rewrite (2.9) as a closed
overdetermined system of first order PDEs which then can be investigated for Frobenius
integrability.
Differentiate and commute derivatives on (2.10) to obtain
ψE
′
(A′B′C′ωD′)E′ = 0, (2.14)
in terms of the SD Weyl spinor ψE′A′B′C′ , and
∇AA′KBB′ = −PABA′C′ω C′B′ + εA′B′ρAB (2.15)
in terms of some as yet unknown but symmetric ρAB, where PABA′B′ is given in terms of
the Ricci spinor φABA′B′ and curvature scalar Λ = R/24 by
PABA′B′ = φABA′B′ − ΛεABεA′B′ .
2.1. The non anti–self–dual case. Suppose that ψA′B′C′D′ 6= 0, then (2.14) has no
solution for non-null (hence for real) ωA′B′ unless
ψA′B′C′D′ = cΘ(A′B′ΘC′D′), (2.16)
for some function c and real symmetric ΘA′B′ (one can always choose ΘA′B′ to set c to ±1).
If (2.16) does hold, which is equivalent to type-D SD Weyl spinor in the Petrov-Pirani-
Penrose classification ( see e.g. [18], or [7, 2] for discussion relevant in the compact case),
then any solution ωA′B′ of (2.14) is proportional to ΘA′B′ . Thus in the case ψA′B′C′D′ 6= 0,
one may determine whether the metric is conformal to Ka¨hler by simply checking if any
candidate ωA′B′ = fΘA′B′ solves (2.10) and is appropriately nonzero. Following [18] define
two conformal invariants
I = |ψ|2 = ψA′B′C′D′ψA′B′C′D′ , J = ψ C′D′A′B′ ψ E
′F ′
C′D′ ψ
A′B′
E′F ′
of conformal weight −4 and −6 respectively. Define a spinor
TAA′B′C′D′E′ := ∇A(A′ψB′C′D′E′) − VA(A′ψB′C′D′E′), (2.17)
where
VAA′ =
1
|ψ|2
(1
6
∇AA′ |ψ|2 + 4
3
ψB
′C′D′E′∇AB′ψC′D′E′A′
)
. (2.18)
Theorem 2.2. Let (M, [g]) be a conformal manifold such that the self–dual part of the
conformal curvature of [g] is non–zero. Then there exists a Ka¨hler metric in the conformal
class if and only if the following conformally invariant conditions hold
I3 = 6J 2 (2.19)
TAA′B′C′D′E′ = 0, (2.20)
∇[aVb] = 0. (2.21)
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Proof. Consider a metric g with a SD Weyl tensor satisfying (2.16). The Weyl spinor
corresponds to a homogeneous polynomial in two variables of degree 4 with two repeated
roots, and (2.19) holds identically. If the conformal class of g contains a Ka¨hler metric then
ΘA′B′ satisfies (2.9). Differentiating (2.16) and symmetrising over the primed indices gives
∇A(A′ψB′C′D′E′) = VA(A′ψB′C′D′E′) (2.22)
where VAA′ is a gradient. We shall analyse (2.22) for general VAA′ . Contracting both sides
with ψB
′C′D′E′ and using the identity
ψB
′C′D′E′ψB′C′D′A′ =
1
2
δE
′
A′ |ψ|2
yields the expression (2.18) for V . Substituting this back to (2.22) gives the vanishing
of TAA′B′C′D′ defined by (2.17). Now we need to establish the conformal invariance of
conditions (2.20) and (2.21). Under the conformal rescaling (2.6) we have
εˆA′B′ = ΩεA′B′ , εˆ
A′B′ = Ω−1εA
′B′
and
ψˆA′B′C′D′ = ψA′B′C′D′ , ψˆ
A′B′C′D′ = Ω−4ψA
′B′C′D′ .
Using
∇ˆAB′ψˆC′D′E′A′ = ∇AB′ψC′D′E′A′
−ΥAC′ψB′D′E′A′ −ΥAD′ψB′C′E′A′ −ΥAE′ψB′C′D′A′ −ΥAA′ψB′C′D′E′
gives
VˆAA′ = VAA′ − 4ΥAA′ (2.23)
and
∇ˆA(B′ψˆC′D′E′A′) = ∇A(B′ψC′D′E′A′) − 4VA(B′ψC′D′E′A′).
Therefore
TˆAA′B′C′D′ = TAA′B′C′D′
and condition (2.20) is conformally invariant. The closure of V is also conformally invariant
because of (2.23).
Conversely, assume that conditions (2.19), (2.20) and (2.21) hold. The algebraic condi-
tion (2.19) implies that ψA′B′C′D′ has a repeated root. There are various possibilities, but
the only one compatible with the Riemannian signature of g is that ψA′B′C′D′ is given by
(2.16) for some ΘA′B′ . Now construct VAA′ and TAA′B′C′D′ . The closure condition (2.21)
implies that locally V is a gradient. The relation (2.23) can now be used to find a conformal
factor such that V = 0 and (2.20) reduces to
∇A(A′ψB′C′D′E′) = 0
which implies
Θ(B′C′∇AA′ΘD′E′) = 0
where we have reabsorbed φ into Θ. This is equivalent to
∇A(A′ΘB′C′) = 0.
Thus, by Lemma 2.1, there exists a Ka¨hler metric in the conformal class of gab.

FOUR–DIMENSIONAL METRICS CONFORMAL TO KA¨HLER 7
2.2. The anti–self–dual case. The harder case is therefore zero SD Weyl spinor, so
henceforth we shall assume that ψA′B′C′D′ = 0 but ψABCD 6= 0 i.e. the Weyl tensor is
nonzero but ASD.
Commute derivatives on (2.15) to obtain
∇AA′ρBC = ω E′A′ ∇ DE′ ψABCD −K DA′ ψABCD − 2PA′E′A(BK E
′
C) (2.24)
using curvature assumptions already made.
Suppose for a moment that gab actually is Ka¨hler. Then (2.9, 2.10, 2.15) must hold with
constant Ω, in which case Ka vanishes but from (2.15) we deduce
Λ = 0 ; φABA′B′ = ωA′B′ρAB
and we may identify ρABǫA′B′ as the Ricci form. In this case (2.24) becomes an identity
and this gives an understanding of what ρ is in general.
In the general case, we can next commute derivatives on ρ. In terms of ∆A′B′ :=
∇A(A′∇ AB′), we obtain an identity from ∆A′B′ρAB (using the vanishing of the Bach tensor,
which holds for any metric with ASD or SD Weyl tensor [18]) but something new arises
from ∆ABρCD namely the necessary condition:
4ψE(ABCρ
E
D) +K
EE′∇EE′ψABCD + 4KE′(A∇EE
′
ψBCD)E (2.25)
+ωE′A′
(
∇ A′(A ∇EE
′
ψBCD)E + ψE(ABCφ
EE′A′
D)
)
= 0.
This represents five linear restrictions on the ten-component column vector
XA = (ωA′B′ ,KAA′ , ρAB)
T .
This is not enough to be overdetermined, but it and its derivatives have to hold, which
eventually gives constraints on the conformal curvature, as we shall see with an example
below.
2.3. The prolongation bundle. The formalism has led us to consider a natural rank-10
vector bundle2
E = Λ2+(M)⊕ Λ1(M)⊕ Λ2−(M)
with sections XA which have the following behaviour under conformal rescaling of the
metric:
XˆA :=

 ωˆA′B′KˆAA′
ρˆAB

 =


Ω2ωA′B′
Ω(KAA′ +ΥAB′ω
B′
A′ )
ρAB + 2ΥC′(AK
C′
B) + ω
C′D′ΥC′AΥD′B

 (2.26)
This transformation recalls that of a tractor, [3], and as we noted in the introduction the
bundle E can be understood as the bundle of self-dual 3-forms Λ3+(T ) where T is the usual
tractor bundle (although with a different connection). Define a derivative D on this vector
bundle by
DaXB :=


∇AA′ωB′C′ − εA′B′KC′A − εA′C′KB′A
∇AA′KBB′ + PABA′C′ω C′B′ − εA′B′ρAB
∇AA′ρBC − ω E′A′ ∇ DE′ ψABCD +K DA′ ψABCD + 2PA′E′A(BK E
′
C)

 . (2.27)
We can now state our result in the following way
2A similar construction, albeit not in a conformally invariant setting, was used in [22] in the study of
conformal Killing forms.
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Theorem 2.3. A four–dimensional Riemannian manifold (M,g) with ASD conformal cur-
vature is locally conformal to Ka¨hler if and only if there exists a parallel non–zero section
XB for D:
DaXB = 0 (2.28)
such that ωA′B′ω
A′B′ 6= 0.
We calculate the curvature of this connection from the general formula
D[aDb]XC =
1
2
R Eab C XE ,
to find that R Eab C is ASD on the index pair ab, so that the only nonzero components are
R EABC .
From (2.28) we may deduce a necessary condition to be conformal to Ka¨hler as
R Eab C XE = 0,
and we claim that (2.25) is precisely
R EAB CXE = 0.
To see how many conditions follow by differentiating (2.25), we calculate the Bianchi
identity:
D[aR Ebc] C = 0
which given ASD reduces to
D AA′R EAB C = 0.
Thus from differentiating (2.25), we obtain just
DA′(AR EBC) CXE = 0. (2.29)
This turns out to be a further twelve conditions, so that we have seventeen linear conditions
on the ten-component XA .
3. Examples of Riemannian four-metrics not conformal to Ka¨hler
3.1. Nonzero SD Weyl spinor. A Riemannian 4-metric whose Weyl tensor has a non-
zero SD Weyl spinor which is not type D cannot be conformal to Ka¨hler. Examples could
be found among the self–dual vacuum metrics, though these would be Ka¨hler with the
opposite orientation.
Other examples may be given as follows: consider the metric
g = (δab +
1
2
R0acbdx
cxd)dxadxb,
where R0acbd is a constant tensor with Riemann tensor symmetries. The Riemann tensor of
this metric, calculated at the origin of the coordinates xa, is Racbd(0) = R
0
acbd so that, if
this does not have type-D SD Weyl tensor then this metric is not conformal to Ka¨hler in
any neighbourhood of the origin. By including more terms in the Taylor series, one may
construct examples which satisfy the first condition of Theorem 2.2 but not the later ones.
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3.2. ASD Einstein. Examples of ASD conformal classes which do not contain a Ka¨hler
metric would be given by ASD Einstein metrics with non–zero cosmological constant, which
did not admit any Killing vectors. This is because of
Proposition 3.1. An anti-self–dual Einstein metric g with Λ 6= 0 is conformal to a Ka¨hler
metric iff g admits a Killing vector.
Proof. Let g be ASD Einstein, and assume that there exists a Ka¨hler metric in [g].
Then (2.10) and (2.15) imply that K = 0 or K is Killing.
If K = 0 then ω is parallel so g is already Ka¨hler–Einstein–ASD. But Ka¨hler–ASD
implies scalar–flat. Thus g is Ricci–flat Ka¨hler and so hyper–Ka¨hler.
If K is Killing then one can locally choose coordinates such that K = ∂/∂t and g is given
by [20], [23]
g =
P
z2
(eu(dx2 + dy2) + dz2) +
1
Pz2
(dt+ α)2
where u = u(x, y, z) is a solution of the SU(∞) Toda equation
uxx + uyy + (e
u)zz = 0,
the function P is given by 2ΛP = zuz − 2, and
dα = −Pxdy ∧ dz − Pydz ∧ dx− (Peu)zdx ∧ dy.
Thus gˆ = z2g is of the form given by LeBrun ansatz [13] because P satisfies the linearised
SU(∞) Toda equation. Therefore gˆ is Ka¨hler with vanishing Ricci scalar. All such metrics
have ASD conformal curvature.

It is worth pointing out that such an ASD Einstein metric may be conformal to Ka¨hler in
more than one way. Thus for example CP2 with the Fubini-Study metric, but the wrong
orientation so that it is not Ka¨hler, is ASD Einstein and is conformal to Ka¨hler in different
ways via the above construction using the Killing vectors ∂/∂ψ and ∂/∂φ in the usual Euler
angles.
To find ASD Einstein metrics with negative cosmological constant not conformal to
Ka¨hler, one could apply the LeBrun construction, [11], which fills in a collar neighbourhood
of a compact metric at infinity with such a metric. Now if one takes a metric on S3 with
no symmetries as the metric at infinity, then the resulting Einstein metric will also have no
symmetries and so cannot be conformal to Ka¨hler.
3.3. Compact hyperbolic four–manifolds. This construction, suggested to us by the
referee, gives examples of Riemannian manifolds which are locally conformal to Ka¨hler in
many ways, but are not globally conformally Ka¨hler. Consider a compact hyperbolic four
manifold (M,g). Its traceless Ricci and Weyl tensors vanish and the Ricci scalar is equal to
−1. In particular the Weyl curvature of g is ASD, so g is not Ka¨hler as its Ricci scalar is not
zero. Let us assume that there exists globally defined non-degenerate ωA′B′ such that (2.9)
holds. The spinor ωA′B′ is not parallel (otherwise g would be Ka¨hler), thus (2.10) defines a
non–zero one–form KAA′ and formula (2.15) implies that K
AA′ is a Killing vector. However
this is not possible as the Bochner argument implies that non–trivial Killing vector fields
can not exist on compact manifold with negative Ricci curvature: A Killing vector field Ka
satisfies Ka + RabK
b = 0, where in our case Rab = −gab/4. Multiplying this identity by
Ka and integrating over a compact manifold M yields∫
M
|∇K|2√gd4x = −1
4
∫
M
|K|2√gd4x.
Thus Ka must vanish everywhere which contradicts our assumption about ωA′B′ .
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3.4. Hypercomplex examples. Families of these were given by [16] and [6]. The metric
takes the form:
g = V 2(σ 21 + σ
2
2 + σ
2
3 ) + V
−1(dt+ α)2, (3.30)
where the basis (σi) of invariant one-forms on S
3 satisfies
dσ1 = σ2 ∧ σ3 etc
and V and α satisfy
dα = V1σ2 ∧ σ3 + V2σ3 ∧ σ1 + V3σ1 ∧ σ2
where we define Vi by
dV = V1σ1 + V2σ2 + V3σ3.
Necessarily then
∆V := V11 + V22 + V33 = 0,
so that V is harmonic on S3. For a metric which isn’t conformally flat, V isn’t constant
and so necessarily has singularities, so that these metrics are only defined locally. It is
straightforward to check that the Weyl tensor is ASD and the Killing vector T = ∂/∂t has
ASD derivative.
For the examples, the idea is to choose V so that, at a point p ∈ S3, V = 1 while
the first and second derivatives Vi and Vij all vanish. By considering harmonic functions
expanded in spherical harmonics on S3 it is clear that this can be done and then the third
partials Vijk(p) are freely disposable, subject to being symmetric and trace-free; that gives
a 7-dimensional vector space of choices for Vijk(p) (but an infinite-dimensional family of
choices for V ).
For the derivative of the Killing vector, we calculate
∇aTb = εA′B′φAB
with
φAB =
1
V
T B
′
A ∇BB′V.
From the Killing vector identity
∇a∇bTc = RbcadT d
we may calculate
ψABCD = 2V T
C′
D ∇C′AφBC .
Thus, at p,
ψABCD = 0 = ∇aTb = ∇a∇bTc.
We need explicit formulae for the Ricci curvature, for which we use Cartan calculus to find
Rab =
1
2
(TaTb − 1
V
gab) (3.31)
so that, at p,
∇aRbc = 0 = ∇a∇bRcd.
From the Bianchi identity this means that, at p,
∇AA′ψABCD = 0 = ∇FF ′∇AA′ψABCD.
The Lie derivative of the Weyl curvature along the Killing vector necessarily vanishes ev-
erywhere, so that, at p,
TEE
′∇EE′ψABCD = 0 = TEE′∇FF ′∇EE′ψABCD. (3.32)
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If we use all that we have so far established in (2.25) evaluated at p, then it collapses to
KEE
′∇EE′ψABCD = 0. (3.33)
Clearly this is satisfied with Ka(p) any multiple of the Killing vector T a(p); we claim that
generically there are no other solutions. To prove this we need explicit formulae for the
components of the Weyl tensor. These are readily found via Cartan calculus in the tetrad:
θ0 = V −1/2(dt+ α), θ1 = V 1/2σ1, θ
2 = V 1/2σ2, θ
3 = V 1/2σ3.
We find
C0101 = − V11
2V 2
− 1
2V 3
(V 22 + V
2
3 − 2V 21 ) (3.34)
C0102 = − V12
2V 2
− 3
2V 3
V1V2 − V3
4V 2
(3.35)
from which the rest follow by permutations and anti-self-duality. Now it follows that, at
p, the components of the derivative ∇aCbcde are proportional to the third derivatives Vijk.
Condition (3.33) is equivalent to
Ka∇aCbcde = 0
which reduces to an equation on the components of Ka orthogonal to T a:
KiVijk = 0 (3.36)
and this implies Ki = 0 for generic Vijk (and in particular for the choice we make below).
Thus
Ka(p) = c1T
a(p),
for some real constant c1, which could be zero. We move on to the derivative of (2.25),
evaluated at p. This is messy but straightforward. We are assisted by an identity obtained
from the Bianchi identity
∇AA′ψABCD = ∇B′(Bφ A
′
CD)B′ (3.37)
= −3
4
φ(ABT
A′
C) (3.38)
by using (3.31) for Ricci. This simplifies the last term in (2.25) to
ωE′A′T
E′
(AT
A′EψBCD)E
in which form its derivative is easier to see. We take the derivative ∇F ′F of (2.25), and
evaluate at p, using Ka(p) = c1T
a(p). The resulting expression is simplified by defining
ρˆAB = ρAB − 1
4
TE
′
A T
F ′
B ωE′F ′
when it becomes
5ρˆE(A∇F
′
B ψCDF )E +
1
8
TEA′ω
F ′A′TG′F∇G′E ψABCD − ΛωE
′F ′∇E′FψABCD = 0.
At p, V = 1 so that TaT
a = 1 and, by (3.31), Λ = −1/16. The second term in the above
expression simplifies further using (3.32) and some algebra as follows:
1
8
TEA′ω
F ′A′TG′F∇G′E ψABCD =
1
16
ωF
′A′∇FA′ψABCD,
which duplicates the third term. We finally obtain
5ρˆE(A∇F
′
B ψCDF )E +
1
8
ωE
′F ′∇E′FψABCD = 0. (3.39)
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Note that (3.39) is totally symmetric on the indices ABCDF (as expected - see (2.29))
so it is a system of twelve (real) linear equations on the unknowns (ωA′B′ , ρAB). If the
relevant determinant is non-zero then the only solution will be
ωA′B′ = 0 = ρAB
holding at p. By (2.12), a zero in ωA′B′ corresponds to a pole in Ω, which of course isn’t
allowed. This will show that this metric is not conformally Ka¨hler in any neighbourhood
of p. Thus we must analyse (3.39) further.
We introduce two spinor dyads (oA, o†A) and (o˜A
′
, o˜†A
′
) normalised by
oAo
†A = 1 = o˜A′ o˜
†A′
and related to the tetrad by
1√
2
(θ0 + iθ1) = oAo˜A′dx
a
1√
2
(θ0 − iθ1) = o†Ao˜†A′dxa
1√
2
(θ2 + iθ3) = o†Ao˜A′dx
a
1√
2
(θ2 − iθ3) = −oAo˜†A′dxa,
with the corresponding operators:
D =
1√
2
(e0 + ie1)
D =
1√
2
(e0 − ie1)
δ =
1√
2
(e2 + ie3)
δ =
1√
2
(e2 − ie3).
We introduce a spinor field χABCDE by
∇E′EψABCD = o˜E′χABCDE + H.c.
where, at p, χABCDE is totally symmetric (though not Hermitian). For (3.39) we need the
dyad components of χABCDE . In the Newman–Penrose formalism [18] at p these can be
written
χ0 = δ
3
V
χ1 = −Dδ2V
χ2 = D
2
δV
χ3 = −D3V
χ4 = D
2δV
χ5 = Dδ
2V
The Laplace equation on V and stationarity forces relations among these, since
DDV + δδV = 0 = (D +D)V.
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We may write the components of χ in terms of three complex numbers λ, µ, ν and a real a
as
χ0 = ν; χ1 = −χ5 = µ; χ2 = χ4 = λ; χ3 = ia.
Also at p
TEE
′∇EE′ψABCD = 0
which forces relations between the components of χABCDE and its Hermitian conjugate:
χ†0 = χ1
χ†1 = χ2
χ†2 = χ3
χ†3 = χ4
χ†4 = χ5
with also
χ†5 = χ0.
from Hermiticity of ∇E′EψABCD.
We expand ωA′B′ and ρAB in the dyad as
ωA′B′ = ω2o˜A′ o˜B′ − 2ω1o˜(A′ o˜†B′) + ω0o˜
†
A′ o˜
†
B′ (3.40)
ρAB = ρ2oAoB − 2ρ1o(Ao†B) + ρ0o†Ao†B (3.41)
and take dyad components of (3.39) to obtain the system


−5µ 5ν 0 −ν −µ
−4λ 3µ ν −µ −λ
−3ia λ 2µ −λ −ia
−2λ −ia 3λ −ia −λ
µ −3λ 4ia −λ µ
0 5µ 5λ µ −ν




ρ0
ρ1
ρ2
ω1/8
ω2/8

 = 0. (3.42)
This is a system of six (complex) equations in five unknowns, since ω0 is absent (but recall
that reality of ωA′B′ entails ω0 = ω2). We may conclude that the only solution of (3.42)
has zero ωA′B′(p), if the rank of the coefficient matrix is five. This is generically true, as we
see by taking the special case ν = λ = 0 and µ = 1. We omit the fourth row of (3.42) and
calculate the determinant of the resulting 5× 5 matrix to be 64(1− a2) . This is nonzero if
a2 6= 1, and then the only solution has ωA′B′(p) = 0. We need to check back to (3.36), and
with these choices we do find that we may deduce Ki = 0 provided a2 6= 1. Thus there is
an open set of choices for V which force ωA′B′(p) = 0 and provide ASD metrics which are
not conformal to Ka¨hler in any neighbourhood of the chosen point p.
4. The relation with projective invariants
A two–dimensional projective structure on (U, [γ]) is an equivalence class of torsion–free
connections on TU
γC
′
A′B′
∼= γC′A′B′ + δC
′
A′βB′ + δ
C′
B′βA′ , A
′, B′, C ′ = 1, 2.
(the reasons for using primed indices will become clear shortly) where βA′ is a one–form on
U .
Consider the symmetric projective connection ∇Π with connection symbols
ΠC
′
A′B′ = γ
C′
A′B′ −
1
3
γD
′
D′A′δ
C′
B′ −
1
3
γD
′
D′B′δ
C′
A′ .
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These symbols do not depend on a choice of γ in the projective class. Let xA
′
be local
coordinates on U and let (xA
′
, zA
′
) be local coordinates on TU . Define a (2, 2) conformal
structure on TU by
g = dzA′ ⊗ dxA′ −ΠC′A′B′ zC′ dxA
′ ⊗ dxB′ . (4.43)
This is a projectively invariant version of the Riemannian extension studied by Walker [24]
(also introduced in [26] as a horizontal lift).
This conformal structure is anti–self–dual and admits a twisting, null conformal Killing
vector K = zA
′
∂/∂zA
′
. Thus it fits into the classification [9] as explained in [5]. Choose a
spin frame3
∇A′1 = ∂
∂zA′
, ∇A′0 = ∂
∂xA′
−ΠC′A′B′zB
′ ∂
∂zC′
and set δA′ = ι
A∇AA′ = ∂/∂zA′ . Then the spin connection, and curvature in terms of
projective curvature of the projective covariant derivative ∇Π on U are
ΓAB = ιAιBPA′B′z
A′dxB
′
, ΓA′B′ = Π
C′
A′B′dxC′ , Λ = 0, (4.44)
φABA′B′ = ιAιBPA′B′ , ψA′B′C′D′ = 0, ψABCD = ιAιBιC ιD(z
A′YA′) (4.45)
where PA′B′ is the symmetric Ricci tensor of the 2D projective structure and
YC′ = ε
A′B′YA′B′C′ , YA′B′C′ =
1
2
(∇ΠA′PB′C′ −∇ΠB′PA′C′)
is the Cotton tensor of [γ]. The components of YC′ are given by (2.14) in [5] and referred
to as Liouville’s invariants. In particular (U, [γ]) is flat if YC′ = 0. Note that the spinor
ιA = (0, 1) is covariantly constant on TU .
In [5] it was shown that a projective structure comes from a (possibly Lorentzian) metric
on U if and only if there exists a covariantly constant section (σA
′B′ , µA
′
, ρ) of a connection

σB
′C′
µB
′
ρ

D
A′7−→

∇A′σB′C′ − δB′A′µC
′ − δC′A′µB
′
∇A′µB′ − δB′A′ ρ+ PA′C′σB
′C′
∇A′ρ+ 2PA′B′µB′ − 2YA′B′C′σB′C′
 , (4.46)
on a rank 6 vector bundle over U for which σA
′B′ = σ(A
′B′) is non-degenerate. This
condition is projectively invariant (when appropriate projective weights are used) so is also
true when the covariant derivative ∇ with respect to a representative γ ∈ [γ] is replaced by
an invariant derivative ∇Π. Given such a section, the contravariant metric is constructed
by
hA
′B′ = det (σ)σA
′B′ . (4.47)
The necessary condition for the existence of the parallel section is obtained by commuting
derivatives. It gives
5YA′ µ
A′ +∇ΠA′YB′ σA
′B′ = 0. (4.48)
(This is (7.46) or (3.20) in [5]).
Now form a 10-tractor (ωA
′B′ ,KAA
′
, ρAB) from the 6-tractor (σA
′B′ , µA
′
, ρ) by
ωA
′B′ = σA
′B′ , KAA
′
= ιAµA
′
, ρAB = ιAιBρ. (4.49)
3 In this frame Ka = oA
′
ιA where ∇AA′ι
B = 0 and oA
′
= zA
′
. The conformal Killing vector has an ASD
derivative dK = dzA′ ∧ dx
A
′
and a non-zero twist. It defines two integrable distributions
{K,S = zA
′ ∂
∂xA′
−ΠC
′
A′B′z
A
′
zB
′ ∂
∂zC′
} and {∂/∂z1
′
, ∂/∂z2
′
}
where S is the geodesic spray of the projective structure.
FOUR–DIMENSIONAL METRICS CONFORMAL TO KA¨HLER 15
Then the first and the last term in the condition (2.25) vanish. Using
ιA∇AA′(zB′YB′) = YA′ , ∇A(A′YB′) = ιA∇Π(A′YB′)
reduces the five conditions (2.25) to one condition
ιAιBιC ιD(5YA′µ
A′ +∇ΠA′YB′ σA
′B′) = 0
which holds if (4.48) does. Thus, given the conformal structure (4.43), the 6-tractor bundle
with connection over U embeds in a 10-tractor bundle with connection over M = TU and
the rank 5 curvature of the latter is given by a rank 1 curvature of the former.
Differentiating (2.25) gives 25 conditions on 10 unknowns so some constraints must hold
for the conformal structure. But we know that these will hold automatically for (4.43): in
[5] it was shown that the first constraint arises after taking two derivatives of (4.48). There
is perhaps no surprise here - (4.43) is type N and the lowest order obstructions tend to
vanish in this case.
A point of caution is needed: if the projective structure is metrisable by a Riemannian
metric, then (4.49) implies that ωA′B′ω
A′B′ > 0 and thus ωA′B′ gives rise to a Ka¨hler
metric, albeit in (2, 2) signature. If on the other hand, the metric underlying the projective
structure is Lorentzian then |ω|2 < 0 and one instead obtains a para–Ka¨hler structure:
there exists a (2, 2) metric g and an almost–product structure
J : TM −→ TM, J2 = Id
such that
• The structure J is integrable in the sense that the eigenspaces of TM corresponding
to eigenvalues ±1 of J are integrable distributions.
• g(JX, JY ) = −g(X,Y ) for all X,Y ∈ TM .
• The two–from Σ := g(J ., .) is closed.
We have proved the ‘only if’ part of the following
Theorem 4.1. The projective structure (U, [γ]) is metrisable if and only if its Riemannian
extension (4.43) contains a Ka¨hler or a para–Ka¨hler metric in its conformal class.
Proof. It remains to prove the ‘if’ part, and show that if (U, [γ]) is metrisable then
the (2, 2) metric (4.43) on TU is Ka¨hler. Let h be a metric on U . First assume that h is
Riemannian. Its conformal class defines a complex structure j : TU → TU, j2 = −Id. Let
ω be a canonical symplectic structure on T ∗U and let
T (TU) = V ⊕H
be the splitting of the tangent space to TU into vertical and horizontal components with
respect to the Levi–Civita connection of h. The complex structure J on TU defined by
taking the complex structure j on each factor H and V .
We regard h as an isomorphism between TU and T ∗U , and define a metric g on TU by
g(X,Y ) = h∗(ω)(JX, Y ), (4.50)
This agrees with (4.43) if local coordinates are adapted. To see it use the definition of J
to find
J
( ∂
∂zA′
)
= jB
′
A′
∂
∂zB′
, J
( ∂
∂xA′
)
= jB
′
A′
∂
∂xB′
+ zB
′
(γC
′
A′B′j
D′
C′ − γD
′
C′B′j
C′
A′ )
∂
∂zD′
,
where γ is the Levi–Civita connection of h. A triple (g, J, h∗(ω)) is a Ka¨hler structure on
TU .
If the metric h on U is Lorentzian, then its conformal structure defines a product structure
j on TU with j2 = Id. The argument given in the proof still applies, but it leads to a product
structure J on TM = T (TU) and eventually to a para–Ka¨hler structure on M .
16 MACIEJ DUNAJSKI AND PAUL TOD

4.1. Anti–self–dual null Ka¨hler structures. In this Section we shall invariantly char-
acterise the Riemannian extensions as a subclass of all (2, 2) ASD conformal structures
which admit a parallel real section of S.
In [8] (2, 2) ASD metrics which admit a covariantly constant real spinor ιA
′
were studied.
These were called null Ka¨hler structures as the endomorphism Nab = ι
A′ιB′ε
A
B satisfies
N2 = 0, g(NX,Y ) + g(X,NY ) = 0, ∇N = 0. (4.51)
It resembles the Ka¨hler condition albeit null.
The condition (4.51) is equivalent to the existence of parallel ιA
′
or ιA and in the following
we shall choose the spinor to be ιA, so that (4.51) holds with
Nab = ι
AιBε
A′
B′ .
Given a null Ka¨hler structure there exist a local coordinate system (xA
′
, zA
′
) and a function
Θ = Θ(xA
′
, zA
′
) such that
g = dzA′ ⊗ dxA′ + ∂
2Θ
∂zA
′
∂zB
′
dxA
′ ⊗ dxB′ , N = dxA′ ⊗ ∂
∂zA
′
where the indices are raised and lowered using εA′B′ [4, 8].
The self–duality conditions ψABCD = 0 imposed on g lead to a fourth order integrable
PDE for Θ. This was shown in [8], where the opposite orientation was used. If on the other
hand the anti-self-duality conditions ψA′B′C′D′ = 0 are imposed Θ can be found explicitly
and we obtain the following
Proposition 4.2. There is a one–to–one correspondence between ASD Null Ka¨hler struc-
tures where the parallel spinor is a section of S, and Riemannian extensions of projective
structures of the form (4.43).
Proof. Choose a spin frame
∇A′1 = ιA∇AA′ = ∂
∂zA′
, ∇A′0 = oA∇AA′ = ∂
∂xA′
+
∂Θ
∂zA′∂zB′
∂
∂zB′
,
and set
f =
∂2Θ
∂xA′∂zA′
+
1
2
∂2Θ
∂zA′∂zB′
∂2Θ
∂zA′∂zB′
.
Then
ψA′B′C′D′ = δA′δB′δC′δD′Θ, ψABCD = ιAιBιC ιDf, φABA′B′ = ιAιBδA′δB′f,
ΓA′B′ = δA′δB′δC′Θ dx
C′ , ΓAB = ιAιBδA′fdx
A′ , Λ = 0,
where
δA′ =
∂
∂zA′
, and  =
∂2
∂xA′∂zA′
+
∂2Θ
∂zA′∂zB′
∂2
∂zA′∂zB′
.
Therefore the self–duality condition implies that
Θ = −1
6
ΠC
′
A′B′z
A′zB
′
zC′
for some ΠC
′
A′B′ = Π
C
A′B′(x
D′) such that
ΠC
′
A′B′ = Π
C′
B′A′ , Π
A′
A′B′ = 0
(the terms of order lower than 3 in zA
′
can be eliminated by redefining Θ and translating
the coordinates zA
′ → zA′ + tA′(xB′)). Now f = (1/2)PA′B′zA′zB′ and the curvature and
connection coefficients agree with those of (4.43).
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
5. Twistor Theory.
We shall end the paper by briefly describing the twistor origins of the ‘conformal to
Ka¨hler’ obstructions.
Let B be a twistor–space (a complex three-fold with an embedded rational curve with
normal bundle O(1)⊕O(1)) corresponding to an ASD conformal structure (M, [g]) [17, 1].
A Ka¨hler structure in [g] corresponds to a preferred section of the anti-canonical divisor
bundle κB
−1/2, where κB is the canonical bundle of B [19]. Restriction of κB to a rational
curve gives a line bundle isomorphic to the fourth power of the tautological line bundle
O(−1). Therefore the restriction of the preferred section to a curve, pulled back to the
total space of S′ → M is of the form πA′πB′ωA′B′ , where πA′ are coordinates on the fibres
of S′ and ωA′B′ satisfies the conformally invariant linear equation (2.10).
In Section 2.3 we constructed a rank–10 vector bundle E → M with connection, such
that the parallel sections of this bundle correspond to solutions to (2.10), and therefore
to sections of κB
−1/2. The forward Ward transform [25, 1] of E gives rise to a rank–10
holomorphic vector bundle E → B (with no connection) which is holomorphically trivial on
the twistor curves. This holomorphic vector bundle can be also constructed directly from
the twistor data and is given by the second-jet bundle E = J2(κB−1/2).
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